Introduction
The theory of connections in Finsler geometry is not satisfactorily established as in Riemannian geometry. Many trials have been carried out to build up an adequate theory. One of the most important in this direction is that of Grifone ([3] and [4] ). His approach to the theory of nonlinear connections was accomplished in [3] , in which his new definition of a nonlinear connection is easly handled from the algebraic point of view. Grifone's approach is based essentially on the natural almost-tangent structure J on the tangent bundle T (M) of a differentiable manifold M. This structure was introduced and investigated by Klein and Voutier [5] . Anona in [1] generalized the natural almost-tangent structure by considering a vector 1-form L on a manifold M (not on T (M)) satisfying certain conditions. He investigated the d L -cohomology induced on M by L and generalized some of Grifone's results. In this paper, we adopt the point of view of Anona [1] to generalize Grifone's theory of nonlinear connections [3] : We consider a vector 1-form L on M of constant rank such that [L, L] = 0 and that Im(L z ) = Ker(L z ); z ∈ M. We found that L has properties similar to those of J, which enables us to generalize systematically the most important results of Grifone's theory.
The theory of Grifone is retrieved, as a special case of our work, by letting M be the tangent bundle of a differentiable manifold and L the natural almost-tangent structure J.
Notations and Preliminaris
The following notations will be used throughout the paper: M: a differentiable manifold of class C ∞ and of finite dimension.
: the corresponding graded rings. J: the natural almost-tangent structure on T (M) ( [5] and [3] ). L X : the Lie derivative with respect to X ∈ X(M ). i K : the interior product with respect to K ∈ Ψ(M). All geometric objects considered in this paper are supposed to be of class C ∞ . The formalism of Frölicher-Nijenhuis [2] will be the fundamental tool of the whole work.
Let M be a paracompact differentiable manifold of dimension m + n. Let L ∈ Ψ 1 (M) be a vector 1-form on M of constant rank m ≥ 1 and whose Nijenhuis tensor
) which is completely integrable. The manifold M equipped with this structure is said to be foliated by L (variété feuilletée par L) [6] .
For any chart of M with domain U we have a system of local coordinates (x 1 , . . . , x n ; y 1 , . . . , y m ) such that (
is a basis for LT (U)). Let α, β, . . . ∈ {1, . . . , n} and i, j, . . . ∈ {1, . . . , m}, then the distribution D is defined by the equations
We can define a supplementary distribution D s by the equations
where Γ i α are C ∞ functions. We thus have the decomposition [h, h], it can be proved that the distribution D s is completely integrable if, and only if, R vanishes.
Let C be the vector field on M generating the one-parameter group h t on U,
Hence, C can be expressed on U in the form:
It is clear that C can be defined on the whole manifold M. The vector field C is called the canonical vector field on M.
The following definitions will be used in the sequel ( [1] and [3] ):
Clearly, K • does not depend on the choice of the L-semispray S.
Finally, we have [1] for all X ∈ X(M ),
where S and S ′ are arbitrary L-semisprays.
L-Connections
In addition to the conditions imposed on L in section 1, we assume further that the image of L coincides with its kernel. It follows immediately that: -m = n: the dimension of M is even and equals 2n.
Moreover, we have
Proof. Let (U, φ) be a chart of M 2n with natural local coordinates (x i , y i ); i = 1, . . . , n. Any vector field X ∈ X (M 2n ) is then expressed on U by:
The canonical vector field C being given by (4), we have
The above two equalities imply that
homogeneous of degree r with r + k = 0. Then we have
An L-connection Γ on M is said to be homogeneous if it is homogeneous of degree 1 as a vector form: [C, Γ] = 0.
is an L-connection if, and only if, Γ defines an almost-product structure on M 2n such that, for all z ∈ M 2n , the eigenspace of Γ z corresponding to the eigenvalue (−1) coincides with the image space of L z .
Proof.
be the eigenspace of Γ z corresponding to the eigenvalue (−1). Let X ∈ T z (M), then (we drop the suffix z for simplicity):
We set: h = 
where
: horizontal space at z. And the functions Γ i α in (2) are the coefficients of the L-connection Γ. In terms of vector bundles, (7) takes the form:
The projectors h and v have the properties:
Moreover, we have from (5) and (8):
Remark 1 Definition 5 generalizes the connection of Grifone [3] . In fact, if M 2n = T (N), where N is a differentiable manifold of dimension n, and if L = J; the natural almost-tangent structure on T (N), then the L-connection just defined is nothing but the connection of Grifone and V (T N) and H(T N) are the usual vertical and horizontal bundles respectively [3] .
S is called the canonical L-semispray associated with Γ.
Proof. It suffices to write
where h is the horizontal projector associated with Γ and S ′ is an arbitrary L-semispray. It is easy to verify that S has the required properties.
Let S ′ be an arbitrary L-semispray on M. Then, using (6), we get hS
For all X, Y ∈ X(M ), we have after some calculations:
Lemma 3 The torsion T of an L-connection Γ on M has the following properties
: (a) T is L-semibasic. (b) T (hX, hY ) = T (X, Y ). (c) T = [L, h] = −[L, v]. (d) [L, T ] = 0: T is L-closed. (e) [C, T ] = −T + 1 2 [L, [C, Γ]].
Cosequently, if Γ is homogeneous, then T is homogeneous of degree zero.
Proof. We prove (e) only. By the Jacobi identity, we have 
Proof. By the Jacobi identity, we have
Proof. Taking the fact that T is homogeneous of degree zero and that [L, T ] = 0 (Lemma 3), the result follows directly from Lemma 2. 2
Corollary 1 For any homogeneous L-connection the torsion vanishes if, and only if, its potential vanishes.

Proposition 4 If Γ is a homogeneous L-connection on M, then its torsion is
given by :
where S is the canonical L-spray associated with Γ.
Proof. We first show that
Since LS = C and hS = S, we have by (11) (8) and (9). This proves (12). Now, using (12) together with Proposition 3,
T. Hence the result. 2
where S is the canonical L-semispray associated with Γ.
Proof. We have 
Theorem 4 A necessary and sufficient condition for a homogeneous L-connection Γ on M to be conservative is that [L, Γ] = 0
Proof. The result follows from Theorem 3. 2
Curvature of an L-Connection
Definition 9 Let Γ be an L-connection on M. The curvature of Γ is the vector 2-form
Consequently, if Γ is homogeneous, then R is homogeneous of degree 1.
Theorem 5 Generalized Bianchi's identities :
The following identities relate the curvature and torsion of an
The last identity may be put in the form:
(b) Similarly, using the Jacobi identity, we have [h, R] = 0. Using the canonical decomposition theorem 3, (b) can be written as 0
Proof. As Γ is homogeneous, then R is homogeneous of degree 1. Applying Lemma 2 on R, we get: The above result can be generalized for L-connections [L, S] which need not be conservative (Theorem 6 below). We first need the following result [1] . 
Proposition 7 For any L-semispray S, the curvature of the
The nullity index of R at z ∈ M is defined by
We have the following result concerning the integrability of the nullity distribution N R . The proof of this result follows the same lines as in [7] with simple necessary modifications.
Theorem 8 If µ R is constant on the open set U ⊂ M, the nullity distribution N R is completely integrable on U.
Almost-Complex Structure Associated to an L-connection
In this section we show that to each L-connection Γ on M there is naturally associated an almost-complex structure and we investigate such structure.
Moreover, F defines an almost-complex structure on M with LF = v.
Proof. To prove the existence of F it suffices to show that it is well-defined. Let
Hence, F V = hY = hY ′ and the first relation of (13) is well-defined. Similarly, the seconed relation of (13) is well-defined. On the other hand, F is unique since it is completely determined on both V (M) and H (M) . Now, F 2 (LX) = F (hX) = −LX and F 2 (hX) = −F (LX) = −hX . Hence, F is an almost-complex structure on M.
Finally, one can easily prove that LF = v. 2
Definition 11 Let Γ be an L-connection on M. The almost-complex structure F defined in Proposition 8 is called the almost-complex structure associated to Γ.
Lemma 5
The almost-complex structure F associated to Γ has the following properties :
Proposition 9 The almost-complex structure F associated to an L-connection Γ on M can be expressed by : The proof of these identities is too long but simple. So, we omit the proof.
Proposition 11
For an L-connection Γ on M without torsion the curvature R of Γ has the following forms :
The proof follows from Proposition 10 and Lemma 5. 
